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by S .  D .  S a v k a r  

w i t h  I .  H .  E d e l f e l t  

G e n e r a l  Electric C o r p o r a t e  R&D 

SUMMARY 

C a l c u l a t i o n s  f o r  t h e  r a d i a t i o n  of s p i n n i n g  a c o u s t i c  modes,  
w i t h  or w i t h o u t  a c e n t e r b o d y ,  and  w i t h  or w i t h o u t  f l o w  tempera- 
t u r e  and  v e l o c i t y  d i s c o n t i n u i t y ,  are p r e s e n t e d .  S o l u t i o n s  t o  
t h e  a p p r o p r i a t e  c o n v e c t e d  w a v e  e q u a t i o n s  d e v i s e d  a round  F o u r i e r  
t r a n s f o r m s  and  Wiener-Hopf t e c h n i q u e  are p r e s e n t e d .  The decom- 
p o s i t i o n  o f  t h e  a s y m m e t r i c  k e r n e l ,  r e s u l t i n g  from a f l o w  and  
t e m p e r a t u r e  mismatch ,  i s  carried o u t  i n  part  e x a c t l y  and  
p a r t i a l l y  u s i n g  t h e  so-cal led Carr ier-Koiter  a p p r o x i m a t i o n  
p r o c e d u r e .  The r e s u l t i n g  s o l u t i o n s  o f f e r  a good a p p r o x i m a t i o n  
t o  t h e  r a d i a t i o n  of b o t h  symmetr ic  and  a symmet r i c  modes t h r o u g h  
a f l o w  d i s c o n t i n u i t y  r e p r e s e n t e d  as a p l u g  f l o w  j e t  i s s u i n g  
f r o m  a c y l i n d r i c a l  d u c t .  B e s i d e s  t h e  Koiter  a p p r o x i m a t i o n ,  
t h e  major l i m i t a t i o n  on t h e  c a l c u l a t i o n  program is t h e  d i f f i -  
c u l t y  o f  c a l c u l a t i n g  t h e  h i g h  order B e s s e l  f u n c t i o n s  w i t h  
s u f f i c i e n t  a c c u r a c y .  

Sample c a l c u l a t i o n s  f o r  symmetr ic  modes are p r e s e n t e d  
o f f e r i n g  compar i sons  between t h e  c u r r e n t  c a l c u l a t i o n s  a n d  i n  
p a r t i c u l a r  a v a i l a b l e  e x p e r i m e n t a l  d a t a  s u c h  as t h a t  o f  P lumblee  
e t  a1 [6] and Mechel e t  a1 [ 7 1 .  So l o n g  as o n e  res t r ic t s  
a t t e n t i o n  t o  t h e  a m p l i t u d e  f u n c t i o n s ,  s u c h  as t h e  r a d i a t i o n  
p a t t e r n  or t h e  a b s o l u t e  v a l u e  of t h e  c o n v e r s i o n  ( r e f l e c t i o n )  
c o e f f i c i e n t s ,  t h e r e  i s  g e n e r a l l y  a q u a l i t a t i v e  a g r e e m e n t ,  even  
h e r e  t h e r e  are c e r t a i n  p e c u l i a r  f e a t u r e s  of t h e  p r e d i c t i o n s  
which do  n o t  a p p e a r  t o  b e  r ep roduced  e x p e r i m e n t a l l y  f o r  r e a s o n s  
d i s c u s s e d .  The agreement  between t h e  c a l c u l a t e d  and measured  
p h a s e  v a l u e s  i n  t h e  p r e s e n c e  o f  f l o w  a p p e a r  t o  be r a t h e r  p o o r .  

I n  t h e  case o f  t h e  asymmetr ic  modes,  l i m i t e d  compar i sons  
between c a l c u l a t e d  and  measured r a d i a t i o n  p a t t e r n s  a p p e a r  t o  
be r e a s o n a b l e ,  t h u s  i n  g e n e r a l  r e i n f o r c i n g  t h e  c o n c l u s i o n  
r e g a r d i n g  a b i l i t y  t o  p r e d i c t  a m p l i t u d e  f u n c t i o n s .  However 
none  o f  t h e  data a v a i l a b l e  go t o  s i g n i f i c a n t l y  h i g h  enough Mach 
number. F o r  t h i s  o n e  must r e l y  p u r e l y  on  c a l c u l a t i o n s .  

The c a l c u l a t i o n s  s u g g e s t  t h a t  t h e  i n f l u e n c e  of t h e  Mach 
number d i s c o n t i n u i t y  is t o  o f f e r  a c o n f l i c t  between t h e  e f f e c t s  
o f  c o n v e c t i o n  and r e r r a c t i o n .  The f o r m e r  becoming i n c r e a s i n g l y  
more s i g n i f i c a n t  a t  h i g h  s u b s o n i c  Mach numbers b y  t h e  p r e s e n c e  
o f  a s t r o n g  lobe i n  t h e  shadow zone .  E f f e c t s  of f l i g h t  c o n d i -  
t i o n s  are t o  weaken s u c h  c o n f l i c t s  so  t h a t  i n  t h e  l i m i t  of 
u n i f o r m  Mach number,  o n e  r e c o v e r s  Carrier's well-known s o l u t i o n .  

The e f f e c t  of a t e m p e r a t u r e  m i s m a t c h  is r a t h e r  more 
d r a m a t i c ,  r e s u l t i n g  i n  a s h a r p  beaming o f  sound o f f  t o  t h e  
s i d e .  T h i s  is c o n s i s t e n t  w i t h  t h e  k i n e m a t i c  p i c t u r e  o f  a 
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I .  INTRODUCTION 

In their now classic paper, Tyler and Sofrin [ll demon- 
strated that turbomachinery noise propagates as spinning 
acoustic modes and is eventually radiated to the far field. 
While the qualitative features of the physical process were 
brought out, their use of a radiation field uncoupled from the 
process within the duct and no flow left a number of unanswered 
questions. There appeared to be a need for the solution of the 
complete radiation problem coupling the field within the duct 
to the far field in the manner of the Levine and Schwinger [23 
paper and its extension to a duct immersed in a uniform flow 
by Carrier [3]. From the point of view of turbomachinery 
application, the need was to be able to handle high lobe num- 
ber spinning (asymmetric) duct wave guide modes and the flow 
discontinuity present as for example in the exhaust mode. The 
first poses computational difficulties since it requires an 
ability to handle high order Bessel functions accurately. 
Lansing et al. [ 4 ]  have developed a theory for the asymmetric 
modes in extension of the Carrier paper [3]. However the use 
of an isothermal, uniformly flowing medium excludes such fea- 
tures as refraction and an enhanced mismatch between the duct 
and the surrounding. The refractive influence of the flow 
mismatch was demonstrated by Mani [ 5 ] ,  who employed a form of 
the Carrier-Koiter approximation scheme. Unfortunately these 
calculations are restricted t o  flat ducts. 

While the theory has been slow in evolving, the experi- 
mental measurements of relevant model problems have not been 
easy to come by. Since the problem of primary interest must 
include a flowing medium, the measurements have been limited 
by the inadequacy of acoustic instrumentation in turbulent 
flow. Then there is the problem of generating suitably well 
defined acoustic modes, especially the asymmetric spinning 
modes of interest. Perhaps the most comprehensive attempt 
along these lines is that of Plumblee et al. [61,  who have 
developed an annular flow duct apparatus capable of handling 
flow velocities up to 200 ft/sec. together with the acoustic 
instrumentation necessary to map the acoustic fields both 
within the duct and in the radiation field. Plumblee et al's. 
[ 6 ]  attempt at measuring spinning mode radiation impedances 
are unique. One of the very few other measurements available 
are those of Mechel et al. [7], who measured the plane mode 
reflection coefficients both with and without flow. When it 
comes to more realistic measurements, as from fans, the only 
available data are for the radiation field. Even these in 
general do nsrt offer a gclod basis for discerfiifig the influence 
of specific modes and moreover the picture is clouded over by 
the incoherent scattering of the noise by flow turbulence and 
velocity gradients. The problem is clearly more severe in 
the exhaust mode than the inlet mode. Crigler and Copeland 
[ 8 ]  have made some rather detailed measurements of a fan 
radiation field which appears to be strongly dominated by a 
rotor-IGV interaction of a definitive modal character. 
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In this report we Shall attempt a solution to the problem 
of radiation of spinning duct acoustic modes of high lobe order 
and include in our consideration a flow mismatch both in the 
sense of a jet exhaust flow and a temperature mismatch between 
the jet fluid and the surrounding. The problem in a sense re- 
presents the fan exhaust or turbine exhaust problem. However 
we shall model this using a cylinder of zero wall thickness 
from which issues a plug flow jet through which upstream sound 
refracts and radiates to the far field. We shall also approxi- 
mate the influence of a centerbody by allowing the inner 
boundary to be a doubly infinite "rod". The solution will be 
devised around the appropriate convected wave equation using 
the particle displacement matching boundary condition and the 
Wiener-Hopf technique. In the process of the solution, we 
shall resort to the Carrier-Koiter approximation scheme to 
render the problem of decomposing the Wiener-Hopf kernel 
tractable. The validity of the scheme has been extensively 
discussed and illustrated by both Koiter [9] and Carrier [lo]. 
One notes also the successful use of the same by Mani [51 in 
the flat duct problem. 

We shall attempt an evaluation of our calculation routine 
by comparing sample predictions with the earlier discussed and 
other experimental results. We expect at the outset reasonable 
correlation for the radiation patterns but not for the reflection 
coefficients, or more precisely the phase of the reflection 
coefficient due to difficulties resulting from experimental 
conditions and more importantly the presence of turbulent flow. 

Finally, we shall also offer some interesting results 
to temperature mismatch. 

NOMENCLATURE 

radius of duct, used to nondimensionalize all 
the length parameters 

speed of sound 

Hankel Function of the first kind 

modified Bessel Function of the first kind 

J=i 

Bessel Function of first kind order m 

reduced frequency, wa/c 

modified Bessel Function of the second kind 

Mach number 

pressure 

Bessel Function of the second kind 
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a F o u r i e r  t r a n s f o r m  v a r i a b l e  

0 hub t o  t i p  r a t i o  of t h e  c e n t e r b o d y  

P d e n s i t y  

w c i r c u l a r  f r e q u e n c y  

@ v e l o c i t y  p o t e n t i a l  

"ms  sth zero o f  t h e  a p p r o p r i a t e  B e s s e l  f u n c t i o n  o r  cross 
p r o d u c t  o r d e r  m 

rl p a r t i c l e  d i s p l a c e m e n t  

11. THEORY FOR THE RADIATION OF SPINNING DUCT WAVE GUIDE MODES 

11.1 The Exhaus t  Mode - Formula t ion  

C o n s i d e r  now t h e  problem of a monochromatic  s p i n n i n g  
a c o u s t i c  mode l o b e  number ' m '  i n  s e m i - i n f i n i t e  d u c t  of r a d i u s  
' a  = 1. '  The d u c t  w a l l  is  assumed t o  be  o f  a n e g l i g i b l e  t h i c k -  
n e s s  and is l o c a t e d  a t  r = I., x < 0 as i n  F i g u r e  1, where 
( r ,  8 ,  x) r e p r e s e n t  a c y l i n d r i c a l  c o o r d i n a t e  f r ame .  The ana- 
l y s i s  w i l l  be r e s t r i c t e d  t o  small d i s t u r b a n c e s  i n  p e r f e c t ,  
i n v i s c i d ,  nonhea t  c o n d u c t i n g  media.  I n  t h e  f o r m a l  a n a l y s i s ,  
however,  an  a l l o w a n c e  w i l l  be made f o r  a mismatch between t h e  
f l o w  w i t h i n  t h e  d u c t  and t h e  s u r r o u n d i n g  medium. The r e g i o n  
formed by t h e  d u c t  and  i t s  phantom e x t e n s i o n  w i l l  b e  d e s i g n a t e d  
as r e g i o n  ' I '  or '1' i n  t h e  s u b s c r i p t s .  The s u r r o u n d i n g  r e g i o n  
is t h e n  I1 o r  2 i n  t h e  s u b s c r i p t s .  I n  what f o l l o w s  t h e  f r e -  
quency of t h e  i n c i d e n t  s i g n a l ,  p r o p a g a t i n g  i n  t h e  d u c t  toward  
t h e  open e n d ,  w i l l  be p r e s c r i b e d  t o  b e  ' w '  and t h e  t i m e  de-  
pendence o f  t h e  form e x p ( - j u t ) ,  j = =, w i l l  be assumed.  
Then t h e  d i s t u r b a n c e  v e l o c i t y  p o t e n t i a l  a m p l i t u d e  + is governed  
by t h e  c o n v e c t e d  form o f  t h e  Helmhol tz  e q u a t i o n  

V 2 @  + (k + j M  a @ = 0 

where i t  is u n d e r s t o o d  t h a t  M = MI i n  r e g i o n  I and  M = M2 i n  
r e g i o n  I1 and  t h a t  k = k l  = wa/cl and k = k2 = wa/c 
The l a t te r  makes a n  a l lowance  f o r  d i f f e r e n c e s  i n  t e z p e r a t u r e s  
(or gases) between r e g i o n s  I and 11. The s o l u t i o n  t o  t h e  above  
problem is t o  be c a r r i e d  o u t  s u b j e c t  t o  t h e  boundary  c o n d i t i o n s :  

r e s p e c t i v e l y .  

a )  Along t h e  w a l l s  o f  t h e  d u c t  t h e  t r a n s v e r s e  a c o u s t i c  
p a r t i c l e  v e l o c i t y  be z e r o ,  i . e .  

r = l  and x < 0 

b )  The a c o u s t i c  p r e s s u r e  be c o n t i n u o u s  on t h e  e x t e n s i o n  
of  t h e  d u c t  i n t o  x > 0,  
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c )  I n  a d d i t i o n  t o  t h e  above,  n o t i n g  t h e  d e f i n i t i o n  

i t  is r e q u i r e d  t h a t  t h e  r ad ia l  a c o u s t i c  pa r t i c l e  
d i s p l a c e m e n t s  i n  t h e  t w o  r e g i o n s  be matched a l o n g  
t h e  s t r e a m l i n e s  separat ing t h e  t w o  r e g i o n s .  T h i s  is 
t h e  boundary c o n d i t i o n  p roposed  by R i b n e r  [121 a n d  
Miles [131. There  are some i n t e r e s t i n g  q u e s t i o n s  
related t o  t h i s  boundary c o n d i t i o n ,  b u t  w e  d e f e r  
these t o  a la te r  s e c t i o n .  

Adopt now a r e p r e s e n t a t i o n  i n  t e r m s  of t h e  F o u r i e r  t r a n s -  
f o r m s ,  so  t h a t  i n  t h e  two r e g i o n s  I ,  1 1 ,  w e  w r i t e ,  t a k i n g  a 
c i r c u m f e r e n t i a l  dependence of t h e  form e x p ( j  m 9 ) :  

and 

where a is  t h e  F o u r i e r  t r a n s f o r m  parameter I, and  % b e i n g  
m o d i f i e d  Bessel f u n c t i o n s  o f  t h e  1st and 2nd k i n d  

and y 2  = a2 - (k  + C X M ) ~  ( 4 )  

I t  is e a s i l y  v e r i f i e d  t h a t  e q u a t i o n s  2 and 4 a n d  3 and 4 
s a t i s f y  t h e  wave e q u a t i o n .  The ' + I  s i g n s  i n  ( 2 )  and  (3) 
designate  f u n c t i o n s  r e g u l a r  and free of z e r o s  i n  t h e  uppe r  
h a l f  a p l a n e ,  t o  be d e f i n e d  p r e s e n t l y .  I n  t h e  p r o c e d u r e  w e  
have a d o p t e d ,  w e  s h a l l  draw h e a v i l y  on t h e  book by Noble i l l ] .  
Hence t o  s i m p l i f y  r e p e a t e d  references, s u c h  as t o  specif ic  
e q u a t i o n s  o r  pages,  w e  s h a l l  adopt  t h e  n o t a t i o n  (N, 1.15) i n  
r e f e r e n c e  t o  e q u a t i o n  (1 .15)  of Noble o r  page ( N - 1 0 )  as 
r e f e r r i n g  t o  page 10 of Noble i l l ] .  

Now t h e  f u n c t i o n  y of a c l e a r l y  h a s  two b r a n c h  p o i n t s  a t  
k / ( l  - M )  and  - k / ( l  + M ) ,  so  w e  i n t r o d u c e  b r a n c h  c u t s  s u c h  
t h a t  y -+ += as Q + 2 s .  A s  d i s c u s s e d  by Noble, t h e  c u t s  c a n  
be made i n  s e v e r a l  d i f f e r e n t  ways, however f o r  o u r  s u b s e q u e n t  
c a l c u l a t i o n s  t h e  c u t s  which t u r n  o u t  t o  be c o n v e n i e n t  are 
i l l u s t r a t e d  i n  F i g u r e  2 ,  where f o r  t h e  sake of i l l u s t r a t i o n  
i t  is assumed t h a t  k has a s m a l l ,  b u t  p o s i t i v e  i m a g i n a r y  
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component , i . e. f 

k = k r + i & ,  t a k i n g  a = 5 + j q. 

The c u t s  are along t h e  h y p e r b o l a s  de f ined  by En = k E ,  i n  t h e  
l i m i t  E + 0 these r e d u c e  t o  c u t s  s u c h  as  i l l u s t r a t e g ,  f o r  
example ,  by F i g u r e  3. A c t u a l l y ,  i t  t u r n s  o u t  t h a t  t h e  c u t s  
f o r  y1 c o u l d  j u s t  as c o n v e n i e n t l y  have  been made t o  e x t e n d  
h o r i z o n t a l l y  f rom k l / ( l  - MI) t o  +m and -k1 / (1  + MI) t o  -03, 
b u t  w e  adop t  t h e  above  c o n v e n t i o n  f o r  c o n s i s t e n c y .  T h i s  al lows 
us  now t o  d e f i n e  t h e  uppe r  and lower h a l f  p l a n e s  ( t a k i n g  MI, 
M2 t o  be p o s i t i v e )  as  

uppe r  h a l f  p l a n e  - f o r  7 m ( a )  > t h e  l a rger  of  I m ( - k 2 / ( l  + 

M2)) O r  T m ( - k l / ( l  + MI)) 

and  

lower h a l f  p l a n e  - f o r  l m ( a )  < t h e  lesser o f  I m ( k 2 / ( l  - 

M2)) or I m ( k l / ( l  - M1)) 
Consequen t ly  t h e  pa th  of i n t e g r a t i o n  i n  (1) and  ( 2 )  is t a k e n  
t o  pass between t h e  b r a n c h  c u t s  i n  t h e  reg ion  of  commonality 
( s h a d e d  r e g i o n  i n  F i g u r e  2 ) .  

C l e a r l y  t h e  form of  s o l u t i o n  adopted e n s u r e s  t h e  satis-  
f a c t i o n  of t h e  boundary c o n d i t i o n  ( a ) .  Hence c o n s i d e r  a n  
i n c i d e n t  wave o f  t h e  form 

or 

where  Kmn t h e  a x i a l  p r o p a g a t i o n  c o n s t a n t  is d e f i n e d  as 

* W r i t i n g  a = 6 + j q ,  t h e  b r a n c h  is d e f i n e d  as 
e l  + e 

j( 2> 
Y = lrle 

+ + w i t h  t h e  ranges -27r + a r c  t a n  A < < arc  t a n  A 

a r c  t a n  A- < e2 < arc t a n  A-  + 27r 

where 

A- - - 17 + ~ / ( 1  + M 
5 + k J ( 1  + 2) 
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w i t h  t h e  branch chosen  b e i n g  Im(Km ) > 0 ,  c o r r e s p o n d i n g  t o  
downstream p r o p a g a t i o n ,  1-1 ) = 0 ,  
s a t i s f y i n g  boundary condiPffon ( a ) .  
par t ic le  displacement  is 

b e i n g  the-zero of J' (1-1 
Then t h e  r a 8 i a Y " a c o u s t i c  

o r  

By i ts  d e f i n i t i o n  t h e  i n c i d e n t  wave pa r t i c l e  d i s p l a c e m e n t  
v a n i s h e s  as r -+ 1 f o r  a l l  x. Again ,  t h e  a c o u s t i c  pa r t i c l e  
d i s p l a c e m e n t s  corFesponding t o  (2) and ( 3 )  are 

OD 

da (9) 
K 3 Y 2  1) -jax e - 

'l2 - ' w I B + ( a )  (1 + a M2/k2)KA(y2) 
-00 

S u b s t i t u t i n g  i n t o  t h e  boundary c o n d i t i o n  ( c )  and  n o t i n g  t h a t  
5 0 f o r  r = 1 , there  o b t a i n s  t h e  r e l a t i o n  be tween A+ and Q i n c  - 

B+ 

The l e f t  and t h e  r i g h t  hand sides b e i n g  r e g u l a r  and z e r o  f ree  
r e s p e c t i v e l y  i n  t h e  uppe r  and  lower h a l f  p l a n e s .  No t ing  t h e  
b e h a v i o r  of t h e  two s i d e s  as x -+ 0 ,  by t h e  s t a n d a r d  a p p l i c a t i o n  
of  t h e  Wiener-Hopf argument and t h e  L i o u v i l l e  t heo rem,  each 
s i d e  is e q u a l  t o  a c o n s t a n t  t a k e n  t o  be zero. T h e r e  o b t a i n s  
t h e  r e l a t i o n  

The r ema in ing  boundary c o n d i t i o n ,  c o n t i n u i t y  of  a c o u s t i c  
p r e s s u r e  

n o t i n g  t h e  d e f i n i t i o n s  
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and on  r = 1 f o r  x > 0 ,  w r i t i n g  - 

s i n c e  
X j Kmn = - e 

t h e n  y i e l d s  t h e  f u n c t i o n a l  

(1 + a M2/k2)Km(Y2) 

00 
- jax & I :+ Kmn da 

-00 

where  t h e  e q u a l i t y  i s  u n d e r s t o o d  t o  a p p l y  t o  t h e  r e g i o n  

X 

(15) 

o f  
commonal i ty  ( s h a d e d  r e g i o n  of  F i g u r e  2), and  t h e  f u n c t i o n  
G ( a )  is r e g u l a r  a n d  f r e e  of zeros i n  t h e  lower h a l f  a p l a n e .  
Denote  by  L ( a )  t h e  g r o u p i n g  i n  t h e  c u r l y  b r a c k e t s .  Then 
e q u a t i o n  (15)  may b e  r e w r i t t e n  as  

Then i f  t h e  f u n c t i o n  L ( a )  c a n  be decomposed i n t o  f a c t o r s  
L + ( a )  and  L ( a )  r e g u l a r  and  f r e e  o f  zeros i n  t h e  u p p e r  a n d  
lower h a l f  p l a n e s  

L ( a )  = L + ( a )  L - (a )  (17) 

The s t a n d a r d  a p p l i c a t i o n  of t h e  Wiener-Hopf a r g u m e n t s  and  t h e  
L i o u v i l l e  t h e o r e m  y i e l d s  

Except  f o r  t h e  d e c o m p o s i t i o n  of L ( a ) ,  t h i s  c o m p l e t e s  t h e  
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formai solution to the probiem poseci. 

11.2 Decomposition of the Wiener-Hopf Kernel 

II.2.a The Carrier-Koiter Approximation 

Recall the definition of the kernel function L(a): 

Formally speaking the required split can be carried as per 
theorem c, page (N-15), of Noble, whence 

- w  + js 
with the integration along the lower boundary of the cross- 
hatched region in Figure 2 

and 
w + jr I -1 Rn(L-(a)) = - 

- w  + jr 
the integration path being along the upper boundary of the 
crosshatched region of Figure 2. However, it does not appear 
possible to carry out the integrations explicitly, or reduce 
them to simpler integrals as would be the case if L(a) were 
purely an even function of a .  In view of this, the decom- 
position was carried out using the Carrier-Koiter approximation 
scheme 19, 101. The applicability of this approximation to 
the acoustic radiation from a flat duct has been previously 
demonstrated by Mani [ 5 ] .  To motivate the approximation, 
regroup L(a) as follows. 

where 

(1 + a M /k )2 
2 --2 y 1  X 

H ( a )  ={% (1 + a Ml/klIZ ya 
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We w i l l  p r e s e n t l y  need t h e  l i m i t  R i m  H ( a ) ,  which is r e a d i l y  
shown t o  be  a + m  

assuming t h e  same s t a t i c  p r e s s u r e  w i t h i n  and w i t h o u t  t h e  j e t ,  
p c 2  = and where r2 and r are t h e  r a t i o ’ s  of s p e c i f i c  
h&at& inPPe;?ons I1 and I r e s p e c 4 i v e l y .  
f l o w ,  MI = M2 and p 2 / p 1  = 1, t h e  s q u a r e  b r a c k e t e d  q u a n t i t y  i n  
( 1 9 a )  is e s s e n t i a l l y  a no rma l i zed  Wronskian.  C o n s i d e r  t h e  
s u b s t i t u t e  k e r n e l  L * ( a )  defined as 

I n  t h e  case of u n i f o r m  

T * ( a )  ( 2 0 a )  1 (Y1 - Y 2 >  (1 + a Ml/k1I2 2 
(1 + a M2/’2) ~1 

L * ( a )  = 

w i t h  T * ( a )  b e i n g  d e f i n e d  a s  t h e  q u o t i e n t  a p p r o x i m a t i o n  

6 B  a 2  + a + S / B  
x az + c1 + 6/X T * ( a )  = - 

With  ag = R i m  [-- H ( a ) 1  i t  is  clear  t h a t  L * ( a )  + L(a) 
a ’ m  x 

i n  t h e  l i m i t  as a + ~0 along t h e  rea l  a x i s .  A more complete 
match a c c o r d i n g  t o  t h e  C a r r i e r - K o i t e r  r u l e s  i s  t h e n  o b t a i n e d  
by ma tch ing  L ( a )  and  L*(a) at a = 0 up  t o  i t s  f irst  moment: 

The o b j e c t i v e  now is t o  carry o u t  t h e  decompos i t ion  of L*(a). 
To f a c i l i t a t e  t h e  s u b s e q u e n t  d i s c u s s i o n ,  g roup  L * ( a )  as 

where  T * ( a )  is  d e f i n e d  by e q u a t i o n  (20b) and t h e  f u n c t i o n s  f i  
are d e f i n e d  as 
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I n  terms o f  t h i s  
of L * ( a )  is r e a d i  
s i m p l y  e x p r e s s e d  

s i m p l i f i e d  n o t a t i o n ,  t h e  i n t e g r a l  decompos i t ion  
l y  c a r r i e d  o u t .  
as 

For  an  example ,  L$(a) is  

-00 + js  

J -m + js  

One c a n  s i m i l a r l y  w r i t e  down t h e  f a c t o r  L * ( a ) .  
w i l l  now be  t r e a t e d  s e p a r a t e l y  i n  t h e  f o l i o w i n g  s u b s e c t i o n s .  

Each i n t e g r a l  

I I . 2 . b  Decomposi t ion  of T*(a) and  f,(a) 

The decompos i t ion  of  t h e  q u a d r a t i c  q u o t i e n t  T * ( a )  i s  
t r i v i a l ,  t h e  r o o t s  o f  t h e  q u a d r a t i c  terms be ing  

1 / 4  - & / A  - - - - + J  1 
3 ,  4 2 -  

R 

Q u o t i e n t  g r o u p i n g s  s u c h  as f o r  example 



1 2  

- R1 - R1 
rn a - R4 e t c .  o r  a - R3 rn 

b e i n g  a s s i g n e d  t o  t h e  a p p r o p r i a t e  h a l f  p l a n e s  by t e s t i n g  t h e  
l o c a t i o n  of t h e  roo ts  R i .  

o u t  e x a c t l y .  
or f 3 ( a )  is c l e a r l y  a p l u s  f u n c t i o n ,  hence  w r i t e  

The d e c o m p o s i t i o n  of t h e  r e m a i n d e r  k e r n e l  c a n  be carried 
S i n c e  t h e  f a c t o r  (1 + a M1/k1) ' / (1  + a M2/k2) 

f p )  = 1. 

I I . 2 . c  I n t e g r a l  Decomposi t ion of f , ( a )  

The g r o u p i n g  f 2 ( a )  w a s  m o t i v a t e d  by t h e  s u g g e s t i o n  made 
by Noble (page  N-130). 
f a c t  a f u n c t i o n  e x c l u s i v e l y  of y2, hence  w e  may w r i t e  

I t  shou ld  b e  n o t i c e d  t h a t  f 2 ( a )  is i n  

The f u n c t i o n  f ( y 2 )  is f r e e  of  zeros i n  t h e  e n t i r e  complex a 
p l a n e .  I n t e g r a l  decompos i t ion  of t h i s  f u n c t i o n  c a n  be f u r t h e r  
s i m p l i f i e d  by making t h e  f o l l o w i n g  t r a n s f o r m a t i o n s  i n  t h e  a 
p l a n e  

a - = a(1 - Mi)' - k2 M2 
02 2 +  (1 - M 2 >  

G2 = k 2 / ( l  - M2) 2 4 -  

i n  terms o f  t h e  GO2 p l a n e ,  f ( y  ) is an  even  f u n c t i o n  of GO2. 

by u s i n g  t h e  p r o c e d u r e  ' c '  of Nob le ,  page (N-19).  Hence deform 
t h e  c o n t o u r  of i n t e g r a t i o n  i n  t h e  GO2 p l a n e  as per F i g u r e  3 ,  
t h e n  

T h i s  a t  o n c e  allows u s  t o  simp ? i f y  t h e  i n t e g r a t i o n s  i n v o l v e d  
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TIT I I ~  - omit here t h e  d e t a i l s  of the algebra i n v u i v e d  i n  deduc ing  
a n  e x p r e s s i o n  fo r  g ( S )  w i t h  s imply  a regerence t o  Noble [ll] 
( p a g e s  N - 1 9  and N-20). Then f o r  k2, i t  is e a s i l y  v e r i f i e d  
t h a t  

.., 

Q ( u ) u  du 
{(E; - E ' )  - u 2 I /- k2 

0 

( 2 8 )  n ( x )  = a r c  t a n ( Y A ( x ) / J & ( x ) )  - 3 IT w i t h  

'P' p r e c e e d i n g  t h e  i n t e g r a l s  d e n o t i n g  t h a t  t h e y  are t o  be t a k e n  
i n  t h e  sense o f  p r i n c i p a l  v a l u e .  The i n t e g r a t i o n s  can be  con- 
s i d e r a b l y  s i m p l i f i e d  and c a r r i e d  o u t  e x p l i c i t l y  f o r  & s u f -  
f i c i e n t l y  g r e a t e r  t h a n  t h e  f i r s t  zero u m l  o f  Jl;l(x) = 8, by 
u s i n g  t h e  a s y m p t o t i c  expans ions  of  n ( x )  g i v e n  by Abramovitz  and  
S tegun  [141, t h u s  

m 1  4m2 + 3 + 16m4 + 184m2 - 6 3  + . . .  
(2 + 7 )  + 8X 384x' Q ( x )  1 x - 

U s e f u l n e s s  o f  t h e  above e x p a n s i o n s  is w e l l  i l l u s t r a t e d  by t h e  I 

sample  compar isons  f o r  m = 0 and m = 10 i n  F i g u r e s  4 and 5.  
I t  a p p e a r s  t o  s u f f i c . e  t h a t  k2 be more that roug9ly hal_fway 
between prn1 and pm2.  H e n c e  o b t a i n  for 0 < 5 < k 2  and k2 s u f -  
f i c i e n t l y  > p m l ,  u s i n g  o n l y  t h e  f i r s t  3 terms of  t h e  above 
e x p a n s i o n  

IT 
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. 2  4 m 2 + 3  IT 5 - cos-1 ,I '' 8- k2 
+ E -  

P r o v i d e d  g2 is s u f f i c i e n t l y  larger t h a n  pm1, o n e  may r e a d i l y  
deduce  o the r  s imilar  fo rmulae .  We s h a l l  p r e s e n t  here o n l y  t w o  
a d d i t i o n a l  f o r m u l a e  of i n t e r e s t  i n  d e d u c i n g  t h e  c o n v s r s i o n  
c o e f f i c i e n t s  i n  mismatched f l o w ,  t h u s  f irst  f o r  5 > k2 > pml. 
w e  have  

m 1  25 4 m 2  + 3] + j[- (3  + -)IT + - 
8 ki 4 IT 

I I . 2 . d  P r o d u c t  Decomposi t ion of f , ( a )  

C o n s i d e r  n e x t  t h e  f ac to r  f l ( a )  

I g Y 1 )  
-Y1 

(Y, / 2  Im 

e 
- 1  f ( a )  = 1 

I 

can  i n  f ac t  be extracted and  t reated s e p a r a t e l y .  The fac tor  e 
Using  t h e  b r a n c h  c u t s  i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g u r e s  2 ,  3 ,  
t h e  d e c o m p o s i t i o n  of e-yl  can be carr ied o u t  i n  a manner p a r -  
a l l e l  t o  t h e  p r o c e d u r e  u s e d  f o r  f 2 ( a ) .  S i n c e  t h e  r e s u l t s  are 
i d e n t i c a l ,  f o r  t h e  sake of b r e v i t y ,  w e  q u o t e  i n s t e a d  r e s u l t s  
a d o p t e d  from Noble ( N - 1 . 3 5 )  making t h e  t r a n s f o r m a t i o n  

- Y 1  

.., A 
kl = k l / ( l  - Mi)" 



15 

-. 'I'nus t h e  e x p o n e n t i a l  f u n c t i o n  r g g u i a r  a n d  free of zeros i n  t h e  
u p p e r  h a l f  p l a n e  f o r  0 - < Gol kl is 

Y1 exp{- 7 arc cos ( t i  / i ;  1 1  01 1 

> E, 01 w i t h  i ts a n a l y t i c  c o n t i n u a t i o n  fo r  G 
.., 

01 + Y l ) }  a Y 1  exp{- j  an( 

so  t h a t  i n  t h e  l i m i t  Gol -+ 

behaves as  
i n  t h e  u p p e r  h a l f  p l a n e ,  it 

Deno te  by The re  now r e m a i n s  t h e  factor  I;(yl)/(y / 2 )  m -  
f l ( a )  i t s  i n v e r s e  1 

r e c a l l i n g  t h a t  y1 = -j y fo r  + M1)< < k /(l - M ) .  
I n  t h i s  form t h e  decornpo&ition-E*'($' (a) is r e a d i l y  accohplished 
u s i n g  t h e  i n f i n i t e  p r o d u c t  form of 3 ' ( y  ) .  
o m i t  t h e  d e t a i l s  of t h i s  w e l l  documeRteA p r o c e d u r e  w i t h  re- 
f e r e n c e  t o  Nob le ,  pages ( N - 1 2 8 )  and  (N-129),  and s i m p l y  n o t e  
t h e  r e s u l t s :  

We s h a l l  a g a i n  

where 

N b e i n g  t h e  h i g h e s t  number f o r  which 8 are r ea l ,  and  1, s 
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w i t h  

5 

m 

7r ) I  1 [ l - C + R n _  "01 Y,(Cr) = - - 
"m, s IT 

I kl s = l  

- - 
a O 1  

03 co 

8 - 1  + 1 arc s i n  
s = l ' m , s  S = I  %, s + G i l l  

and  C = E u l e r  c o n s t a n t  = 0.5772 . . .  
One can  w r i t e  down a s imilar  e x p r e s s i o n  f o r  ? - ( a )  or  s imply  
n o t e  t h a t  1 

.., 
f l ( " )  = : ; ( a )  : ; ( a )  (36b) 

The f u n c t i o n  Y l ( a )  can b e  pu t  i n t o  a form more c o n v e n i e n t  f o r  
computa t ion  by expand ing  t h e  a r c  s i n  i n t o  a series and  u s i n g  
t h e  Digamma f u n c t i o n ,  $ ( Z ) .  Thus ,  r ( Z )  h e r e  b e i n g  t h e  Gamma 
f u n c t i o n ,  

and  

f i n d  

5 .  

1 , s + N  + a61 JoZ 
L IT s = l s + N + - - -  2 4  

03 2 r  + 1 03 

1 (37) - 2 r  + 1 T 1 
L ( z  

l , s + N  %l 
+ s = l  Ja 

+ 1 -42r + 1 "01 r = l  

The c h o i c e  of t h e  p a r t i c u l a r  form o f  t h e  g r o u p i n g  now becomes 
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clear .  S i n c e  i n  t h e  l i m i t  a + i n  t h e  uppe r  h a l f  p l a n e ,  f o r  
example ,  t h e  fac tor  r e g u l a r  and f ree  of zeros i n  t h e  u p p e r  
h a l f  t e n d s  t o  (Noble  page  (N-128)) .  

Hence t o g e t h e r  w i t h  t h e  remainder  of t h e  k e r n e l ,  t h e  t r a i l i n g  
e d g e  c o n d i t i o n  is s a t i s f i e d  by p i c k i n g  x ( a )  t o  be 

2T 1 1  - C + Rn (7) 01 @ O l  x(a) = - - - 
a 

2 71 

11 
0 3 1  

+ 1 ( s -  
s = l  "m,  s 

I I . 2 . e  Decomposi t ion  o f  f 4 ( a )  

T h i s  now l e a v e s  j u s t  one f ac to r  t o  be decomposed f ( a )  = 
( ~ 2 / 2 ) ~ / ( y ~ / 2 ) ~  which w a s  i n t r o d u c t e d  i n  c o n j u n c t i o n  wi$h t h e  
ear l ier  f ac to r s .  

+ Hence o b t a i n  t h e  f a c t o r  f 4 ( a )  c l o s i n g  t h e  c o n t o u r  i n  t h e  u p p e r  
h a l f  p l a n e  
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+ with fi(a) = f,(a)/f,(a). 

This completes the discussion of the Wiener-Hopf decom- 
position of L*(a) into two factors L$(a) and L _ * ( a ) .  These 
now allow us to readily deduce quantities of physical interest. 

11.3 The Radiation Pattern and Conversion Coefficients 

II.3.a Asymptotic Solution to the Radiation Pattern 

The simplest procedure by which to deduce the radiation 
pattern is to asymptotically evaluate the integral pressure 
expression in the limit ( r 2  + x2)* -f m.  The expression for 
the acoustic pressure field in region I1 obtains from (13) and 
(18) 

It is convenient now to use the spherical coordinate frame 
(R, 0 ,  @ )  centered at the duct termination, then with 
reference to Figure 6 

x = R cos@ 

r = R sin@ 

Thus in the limit R -f 03 ( o r  more precisely R sin H -f 0 3 )  one 
can use the asymptotic expression for K (y R sin 0 ) m 2  

-y2 R sin@ 
Km(~2 R sin @J ) - Jn/2y2 R sin (RJ e 

There obtains the far field pressure approximation 
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where h ( a )  is  t h e  free f i e l d  p r o p a g a t i o n  factor  

h ( a )  = a c o s @ -  j y2  s i n  @ . ( 4 0 ~ )  

The i n v e r s i o n  of ( 4 0 )  can  now be carr ied o u t  by t h e  method of 
s t a t i o n a r y  p h a s e  [15]. The p o i n t  of s t a t i o n a r y  p h a s e  cor- 
r e s p o n d s  t o  t h e  r o o t  of  t h e  e q u a t i o n  

h ' ( a )  = 0 

0 s t r a i g h t f o r w a r d  a l g e b r a  y i e l d s  t h e  r e q u i s i t e  root a 

1 cos a =  k2 - 
J1 - M i  s i n ' @  0 (1 - M i )  [M2 

There  o b t a i n s  t h e n  t h e  s o l u t i o n  t o  t h e  r a d i a t i o n  f i e l d  

-j R h ( a o )  
e 

P2 - Jm(Pmn)Dmn( 0 1 R 

Dmn( @ ) b e i n g  t h e  d i r e c t i v i t y  factor d e f i n e d  by 

and where a f t e r  some a l g e b r a  

(1 - M; s i n 2  0 )  312 

k s i n ' @  h "  (a , )  = - 
2 0 (43) 

The -71/4 f a c t o r  a r i s i n g  i n  t h e  d i r e c t i v i t y  f a c t o r  from t h e  
n e g a t i v e  s i g n  on  h" (a , )  0 

and 
- j  k, s i n @  

41 - M~ s i n z @  2 
The k e r n e l  f u n c t i o n s  L:(a) and L*(a) b e i n g  - 

( 4 4 )  
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L*(a )  = - 02 

02 
.., .., 

0 kl - + a "Y2 
.., 

a 01  y2 + g(602)  y 1  + - ( n  - a rc  cos(6 / i ;  1) 01 1 T*(a>  - e x p c -  - - 2 2 IT 

Y (gal) and g ( 6  
( 3 1 ) .  
uppe r  h a l f  a p l a n e  

) are  d e f i n e d  by e q u a t i o n s  ( 3 7 ) ,  ( 2 7 )  t o  
Then s u p 8 8 s i n g  f o r  example R1, R 3  are roots  i n  t h e  

a - R1 - R2 
- R4 CY. - R3 and  T$(a )  = T*(a)  = 

I I . 3 . b  E v a l u a t i o n  of t h e  Conver s ion  C o e f f i c i e n t s  

The c o n v e r s i o n  c o e f f i c i e n t s  are deduced  from t h e  i n v e r s i o n  
o f  

w i t h  t h e  c l o s u r e  c o n t o u r  i n  t h e  u p p e r  h a l f  p l a n e .  
n o  b r a n c h  p o i n t s ,  only t h e  s i m p l e  zeros o f  yI T'(v ) .  D e ~ c t e  
t h e s e  zeros: o b t a i n e d  by s o l v i n g  t h e  e q u a t i o n  
Gs t o  o b t a i n  f o r  t h e  p r e s s u r e  f i e l d  w i t h i n  t h e  d u c t  i n  ?ge 
l i m i t  x + --03 

T h e r e  are 
m \  11 

yl = j , by 
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X l  
I 

00 r )  -j Kms 
e + 1 R:s Jiii' urns 

s = l  'm(Pms) 
( 4 7 )  

J 
t h  where  Rns is t h e  m t h  m o  e c o n v e r s i o n  c o e f f i c i e n t  o f  t h e  n 

r ad ia l  mode i n t o  t h e  st t! 
m 

and 

Gs b e i n g  t h e  sth reflected mode p r o p a g a t i o n  c o n s t a n t ,  w i t h  
t h e  p l u s  s i g n  on t h e  radical  b e i n g  p i c k e d  f o r  t h e  u p p e r  h a l f  
p l a n e .  

11 .4  I n f l u e n c e  o f  a Doubly I n f i n i t e  Cen te rbody  

Suppose now t h a t  t h e  duc t  i n n e r  w a l l  is  a doub ly  i n f i n i t e  
c y l i n d e r  r a d i u s  u ,  t h e n  adopt  f o r  p1 and p t h e  r e p r e s e n t a t i o n s  2 

00 

p1 = j p1 w I A + ( W l  + a M2/k2) x 
- W  

Before p r o c e e d i n g  f u r t h e r ,  l e t  u s  i n t r o d u c e  some s h o r t -  
hand n o t a t i o n  t o  s i m p l i f y  otherwise b u l k y  e x p r e s s i o n s  i n v o l v i n g  
c r o s s - p r o d u c t s  o f  Bessel f u n c t i o n s  which  w e  s h a l l  r e p e a t e d l y  
e n c o u n t e r  i n  t h e  a n n u l a r  d u c t  c a l c u l a t i o n s .  S p e c i f i c a l l y ,  w e  
s t a n d a r d i z e  on t h e  n o t a t i o n  of e q u a t i o n s  (9.1.32) of r e f e r e n c e  
[141. However, s i n c e  s e v e r a l  of t h e  symbols  have  been  u s e d  
p r e v i o u s l y  i n  a d i f f e r e n t  c o n t e x t ,  w e  s h a l l  u s e  asterisks to 
i n d i c a t e  t h e  d i f f e r e n c e .  I n  a d d i t i o n ,  t o  a v o i d  a m b i g u i t y  w e  
w i l l  a lways  s p e c i f i c a l l y  i n d i c a t e  t h e  a rgumen t s  i n v o l v e d .  
Hence n o t e  t h e  f o l l o w i n g  d e f i n i t i o n s :  
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Using  t h e  above  s h o r t h a n d  n o t a t i o n ,  t h e  i n c i d e n t  wave c a n  be 
e x p r e s s e d  as  

O x  
( 5 2 )  

- - J Kmn 
0 )e - 

P i n c  - q;l;(umn r ,  'mn 

Then r e p e a t i n g  t h e  ear l ier  s t e p s ,  t h e  Wiener-Hopf k e r n e l  L ( a )  
may be r e w r i t t e n  i n  t h e  form 

rr 

(1 + a M2/k2)2 
(1 + a M l / k l ) T  -9 ( 5 3 )  

The f i r s t  s q u a r e  b r a c k e t e d  terc'm is p r e c i s e l y  t h e  k e r n e l  L(a) 
decomposed f o r  t h e  c y l i n d r i c a l  d u c t  t o  which r e f e r e n c e  may be 
made. T h e r e  r e m a i n s  t h e  las t  f a c t o r  which w e  d e s i g n a t e  as 
W(a) f o r  c o n v e n i e n c e .  Again a d o p t  t h e  Koiter a p p r o x i m a t i o n  
W*(a> 

-- 
6 B  a 2  + a + F/B W*(a) - -=- 
x a* + a + z/x 

where by m a t c h i n g  t h e  f u n c t i o n  i n  t h e  l i m i t s  a + 0 and  a -f 03 

and t h e  f i r s t  d e r i v a t i v e  a s  c1 -+ 0 w e  o b t a i n  

- 66 = R i m  W(a) = 1 
- 

and 
- 
6 = W(0) 
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Now r e p e a t i n g  t h e  e a r l i e r  c a l c u l a t i o n s  f o r  t h e  r ad ia t ion  
f i e l d  and c o n v e r s i o n  c o e f f i c i e n t s  o b t a i n  t h e  r e s u l t ,  i n  t h e  
far  f i e l d  fo r  p2 ( a o  b e i n g  d e f i n e d  b y  (41)) 

w i t h  t h e  d i r e c t i v i t y  f a c t o r  Din(@) 

- 
where  pm, now are t h e  z e r o s  of 

- 
P = 0 m + 0 are  t r i v i a l  and are n o t  i n c l u d e d  i n  t h e  set  

aamissible e i g e n v a l u e s .  

To d e t e r m i n e  t h e  p r e s s u r e  f i e l d  w i t h i n  t h e  d u c t ,  i n v e r t  
( 4 9 )  w i t h  a c o n t o u r  c l o s e d  i n  t h e  uppe r  h a l f  a p l a n e .  Again 
there  are no b ranch  p o i n t s  and t h e  i n v e r s i o n  is c a r r i e d  o u t  by 
summing t h e  r e s i d u e s  a t  t h e  z e r o s  o f  y1 [ IA(y1)Kr ; l ( a  y l )  - 
G ( y l ) I & ( o  y ) ] .  Denote t h e  v a l u e s  o f  a a t  these p o i n t s  by K Z  

t h e  p r e s s u r e  f i e l d  w i t h i n  t h e  d u c t  is  g i v e n ,  away from t h e  e x i t  
p l a n e  of  t h e  d u c t ,  by 

s. Then u s i n g  t li e c r o s s - p r o d u c t  n o t a t i o n  o f  [141, as d e f i n e d  a b o v e ,  

where t h e  c o n v e r s i o n  c o e f f i c i e n t s  Rm are now d e f i n e d  as n s  
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-_ i i . 5  ‘l’he i n i e t  Problem 

S t r i c t l y  s p e a k i n g ,  t h e  p l u g  f l o w  j e t  a p p r o x i m a t i o n  is 
t o t a l l y  i n c o r r e c t  i n  t h e  i n l e t  mode. However a l l o w i n g  t h e  
l i c e n s e ,  one  c a n  t rea t  s u c h  a f o r m u l a t i o n  as a c r u d e  f i r s t  
a p p r o x i m a t i o n ,  e s p e c i a l l y  i n  v iew of t h e  i n t r a c t a b i l i t y  of 
t h e  problem w i t h  a s i n k  f l o w .  For t h e  i n l e t  mode, t h e  f l o w  
d u c t  is  c o n s i d e r e d  t o  be l o c a t e d  a t  r = 1 and x > 0.  Again ,  
b o t h  M1 and M 

The i n l e t  p roblem now i s  v e r y  s imi l a r  t o  t h e  e x h a u s t  
problem i n  t h a t  t h e  g o v e r n i n g  e q u a t i o n  and  boundary  c o n d i t i o n s  
are q u i t e  s imi l a r  t o  t h o s e  a l r e a d y  c o n s i d e r e d .  Hence o n l y  an  
o u t l i n e  o f  t h e  s o l u t i o n  is g i v e n  below. R e c a l l i n g  t h a t  

are t a k e n  t o  be p o s i t i v e .  2 

L e t  

( I t  is r e a d i l y  v e r i f i e d  t h a t  (60)  and  (61) s a t i s f y  ( 5 9 ) . )  

w h e r e  

and 

I n  r e g i o n  1 1 :  
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A s  b e f o r e  ( 6 2 )  i n d i c a t e s  t h a t  ni 
Hence by ( 6 5 ) ,  ( 6 0 ) ,  t h e  Wiener-aopf t e c h n i q u e  and  L i o u v i l l e ' s  
theorem : 

= 0 f o r  r = 1 f o r  a l l  x. 

A J a )  = B J a )  ( 6 7 )  

A p p l i c a t i o n  o f  t h e  p r e s s u r e  boundary c o n d i t i o n  f o r  x < 0 
y i e l d s  : 

J 

L 

d 

and if E ( a )  c a n  be  f a c t o r e d  a s  E+(a) E (a), t h e n  t h e  s o l u t i o n  
of  (68) is t h a t  

- 

(70) c o m p l e t e s  t h e  f o r m a l  s o l u t i o n  t o  t h e  i n l e t  p rob lem.  

iu'ote from (69)  a n a  (19)  t h a t  

= L ( a )  (71) L(a)/(l + - a M2) 
k2 

S i n c e  (1 + a M /k ) i s  clearly a p l u s  f u n c t i o n  w e  have  immedia te ly  t h z t  2 



and 

E q u a t i o n  (71)  shows t h a t  any  f o r m u l a  or method t o  f ac to r i ze  
L ( a )  w i l l  immedia t e ly  y i e l d  t h e  f a c t o r i z a t i o n  o f  E ( a ) .  

We wish  t o  n o t e  t h a t  f o r  t h e  i n l e t  problem i f  t h e r e  is a 
u n i f o r m  f l o w  o v e r  t h e  e n t i r e  p l a n e  t h e  a p p l i c a t i o n  o f  t h e  
boundary  c o n d i t i o n  t h a t  Ap(x) = 0 f o r  x < 0 ,  r = 1 (where  Ap 
d e n o t e s  t h e  jump i n  a c o u s t i c  p r e s s u r e  across t h e  phantom d u c t  
e x t e n s i o n  described by r = 1 a n d  x < 0 )  a u t o m a t i c a l l y  e n s u r e s  
t h a t  AI$ is a l so  zero a c r o s s  s u c h  a s u r f a c e .  T h i s  is s e e n  by 
n o t i n g  t h a t  i f  w e  w r i t e  

t h e n  p = 0 f o r  x < 0 i m p l i e s  t h a t  P ( a )  = P+(a), i . e .  t h a t  
P (a )  is a n a l y t i c  i n  an  uppe r  h a l f  p l a n e .  But t h e  r e l a t i o n  
between @ ( a ) ,  t h e  F o u r i e r  t r a n s f o r m  of AI$(x), and  P+(a) is  
( f o r  t h e  case o f  u n i f o r m  f low)  

@ ( a )  = a M  
P w E 1  + -1 k 

S i n c e  t h e  denomina to r  i n  t h e  e x p r e s s i o n  f o r  @ ( a )  h a s  o n l y  a 
lower h a l f  p l a n e  zero ( a t  a = - k/M),  i t  is clear t h a t  @ ( a )  is 
a l so  a n a l y t i c  i n  an u p p e r  ha l f  p l a n e  ( i . e .  @ ( a )  = @ + ( a ) ) .  
T h i s  means t h a t  AI$ w i l l  be zero for x < 0 and  r = 1. We have  
v e r i f i e d  t h a t  o u r  s o l u t i o n s  t o  t h e  i n l e t  and  e x h a u s t  problems 
are c o m p a t i b l e  w i t h  o t h e r  s o l u t i o n s  for t h e  case of u n i f o r m  
f l o w .  

111. DISCUSSION OF SAMPLE CALCULATIONS 

A t  t h e  o u t s e t ,  l e t  u s  c l e a r l y  d e s i g n a t e  t h e  c o n v e n t i o n  
w e  w i l l  be u s i n g  i n  l a b e l i n g  t h e  v a r i o u s  modes. We s h a l l  
a lways  d e s i g n a t e  t h e  lowest z e r o  o f  a g i v e n  lobe o r d e r  m a s  1, 
i . e .  n = 1 w i l l  be t h e  lowest  p r o p a g a t e d  mode of lobe number 
m .  Then,  a label  s u c h  a s ,  t h e  (m, n )  mode w i l l  mean an  m 
lobed s p i n n i n g  wave and  t h e  n t h  r ad ia l  o r d e r .  ( 0 ,  n )  waves 
w i l l  be t h e  symmet r i c  waves ,  a n d  t h e  p l a n e  wave w i l l  be ( 0 ,  1). 
When w e  d e s i g n a t e  t h e  p h a s e  of  t h e  reflected wave eEs, t h i s  
w i l l  be t a k e n  t o  mean t h e  sth r e f l e c t e d  r a d i a l  mode of a n  
( m ,  n )  i n c i d e n t  wave. 

I n  t h e  development  of t h e  t h e o r e t i c a l  model ,  a number of 
a p p r o x i m a t i o n s  w e r e  made, some p h y s i c a l  and some m a t h e m a t i c a l .  
Each of t h e s e  w i l l  c l e a r l y  have t h e i r  impact .  C o n s i d e r  f i r s t  
t h e  p h y s i c a l  a p p r o x i m a t i o n s :  The most c r u c i a l  p h y s i c a l  
a p p r o x i m a t i o n  is t h e  e x c l u s i o n  o f  any p h y s i c a l  i n h o m o g e n e i t i e s  



2 7  

s u c h  as t u r b u l e n c e  and n e g l e c t  of j e t  spread and m i x i n g .  While 
t h i s  r e n d e r e d  t h e  mathemat ics  t r a c t a b l e ,  t h e  u s e  of t h e  un i fo rm 
p l u g  f l o w  model e n t a i l e d  t h e  u s e  of  t h e  pa r t i c l e  displacement  
match boundary c o n d i t i o n .  S i m i l a r l y ,  t h e  t h i c k n e s s  of t h e  
e x h a u s t  d u c t  and t h e  t e r m i n a t i o n  of  t h e  a n n u l a r  c e n t e r b o d y  
were e x c l u d e d .  The  p r i m a r y  e f f ec t  of these a p p r o x i m a t i o n s  is 
t o  r ende r  t h e  phase ca lcu la t ions  i n a c c u r a t e ,  s i n c e  t h e  phase 
is p a r t i c u l a r l y  s e n s i t i v e  t o  s u c h  t e r m i n a t i o n  e f f ec t s .  The 
least  effect  of s u c h  a p p r o x i m a t i o n s  is  o n  t h e  a m p l i t u d e  o f  t h e  
r a d i a t i o n  p a t t e r n .  Thus i t  would appear t h a t  i n  p h a s e  s y n t h e s i s  
o f  a r a d i a t i o n  p a t t e r n  composed of a set  o f  f l o w  d u c t  modes is  
p r a c t i c a l l y  d i f f i c u l t  if n o t  r e n d e r e d  m e a n i n g l e s s .  On t h e  
o ther  hand t h e  r e s t r i c t i v e  e f fec ts  of t h e  mathematical a p p r o x i -  
m a t i o n s  i n t r o d u c e d  by t h e  C a r r i e r - K o ' t e r  p r o c e d u r e  are p r o b a b l y  
much less ( e x c e p t  n e a r  t h e  a x i s  as 6 -+ 0 f o r  t h e  r a d i a t i o n  
p a t t e r n ,  as d i s c u s s e d  below) p r o v i d e d  o n e  c a r e f u l l y  o b s e r v e s  
t h e  r u l e s  d e v i s e d  by Koiter [91 and  Carr ier  [ l o ] .  Indeed i n  
o u r  c a l c u l a t i o n s  t h i s  approx ima t ion  is  rest r ic ted o n l y  t o  t h e  
e q u i v a l e n t  of t h e  Wronskian normalized by t h e  u n i f o r m  f l o w  
Wronskian,  so  t h a t  f o r  un i form f l o w  and  no f l o w ,  o u r  t h e o r y  is 
e x a c t .  I n  what  f o l l o w s ,  w e  s h a l l  t r y  t o  i l l u s t r a t e  t h e s e  
p o i n t s  by c o n c r e t e  compar isons ,  e s p e c i a l l y  t h o s e  i n v o l v i n g  
e x p e r i m e n t a l  measurements .  

T h e r e  are s e v e r a l  i n t e r e s t i n g  f e a t u r e s  d i sp l ayed  by t h e  
s o l u t i o n s  s u c h  as e q u a t i o n s  ( 4 2 a ,  b ) .  The most o b v i o u s  is t h e  
c o n v e c t i v e  a m p l i f i c a t i o n  due t o  t h e  main j e t ,  (1 + a M l / k 1 ) 2 ,  
and t h e  weakening o f  t h a t  f a c t o r  by t h e  e x t e r n a l  f l o w ,  
(1 + a M ~ / k 2 ) ~ .  
r e l a t i v e  s i l e n c e  d e f i n e d  b y  

The second  f e a t u r e  re la tes  t o  t h e  zone o f  

0 1. @ = cos-1  
S 

c 2 / c 1  } 0, = C 0 s - l  '1 + M1 or f o r  M2 = 0 

w i t h i n  t h e  zone  of re la t ive  s i l e n c e  t h e  s i g n a l  s u f f e r s  a t t e n u a -  
t i o n  due  t o  t h e  e x p o n e n t i a l  
which r e s u l t s  i n  a c u s p  a t  6 = Os f o r  t h e  p l a n e  wave and  
nodes  for  t h e  h ighe r  modes. The c u s p  h a s  been  p r e v i o u s l y  
o b s e r v e d  by G o t t l i e b  [ 1 6 ] .  

a c t o r  exp{yl/.rr arc  c o s ( G o l / k , ) ) ,  

I n  t h e  case o f  n i f o r m  f l o w  (MI = M2), t h e  l i m i t  o f  t h e  
s o l u t i o n  fer p2 as  6 + 0 is t h e  same as t h e  s o l u t i o n  o b t a i n e d  
f o r  p 1  ( t a k i n g  t h e  case of  t h e  e x h a u s t  f l o w  f o r  c o n c r e t e n e s s )  
w i t h  t h e  c l o s u r e  c o n t o u r  i n  t h e  lower  h a l f  a p l a n e .  Such is 
n o t  t h e  case f o r  M 1  # M2 i n  t h e  p r e s e n t  s o l u t i o n .  
p r e s s u r e  d i s t r i b u t i o n  w i t h i n  t h e  j e t ,  as represented  b y ,  f o r  
example,  (46)  d i s p l a y s  a zero p r e s s u r e  on t h e  a x i s  w h i c  
no t  r ep roduced  from t h e  far  f i e l d  r a d i a t i o n  p a t t e r n  as 
0. T h i s  a p p e a r s  t o  be t h e  consequence o f  t h e  C a r r i e r - K o i t e r  
approximat  i o n .  

Indeed ,  t h e  
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C o n s i d e r  now t h e  s o l u t i o n s  f o r  t h e  symmet r i c  modes,  ( 0 ,  
n ) .  F o r  t h e  case of  no f l o w  and  p l a n e  wave i n c i d e n t ,  o u r  s o l u -  
t i o n  is exact a s  i s  i l l u s t r a t e d  by F i g u r e s  7 ,  8 ,  9 .  These  re- 
s u l t s  may be compared w i t h  t h e  r e s u l t s  o f  Lev ine  and  Schwinger  
[21 among o t h e r s .  

More u s e f u l  c o m p a r i s o n s ,  however ,  are o f f e r e d  by t h e  
e x p e r i m e n t a l  data  o f  P lumblee  e t  a l .  161 and  Mechel e t  a l .  
[ 7 ] .  F i g u r e s  1 0 ,  11 compare t h e  f l o w  and  no f l o w  da ta  and  
i n c l u d e s  t h e  c a l c u l a t e d  e f fec t  o f  i n c l u s i o n  o r  e x c l u s i o n  of a 
hub.  P l u m b l e e ' s  da t a  c o r r e s p o n d  t o  a monochromatic  e x h a u s t  
mode and  a hub which i s  t e r m i n a t e d  i n  t h e  d u c t  e x h a u s t  p l a n e ,  
so t h a t  t h e  c a l c u l a t e d  s i t u a t i o n  does n o t  c o r r e s p o n d  e x a c t l y .  
The measurements  have  been made w i t h  great care.  N o t  s u r -  
p r i s i n g l y ,  t h e  no f l o w  resul ts  show a r e a s o n a b l e  a g r e e m e n t ,  
however t h e  c u s p e d  lobe of t h e  c a l c u l a t i o n  w i t h  f l o w  is 
smoothed i n t o  an  ou tward  l e a n i n g  c l e a n e r  lobe.  Such a 
smoo th ing  of t h e  r a d i a t i o n  p a t t e r n  is t o  b e  e x p e c t e d  i n  v iew 
o f  t h e  s c a t t e r i n g  t h e  r a d i a t e d  sound  p a t t e r n  by  t h e  i n t e n s e  
t u r b u l e n c e  of t h e  s p r e a d i n g  e x h a u s t  j e t .  T h i s  process is 
w e l l  i l l u s t r a t e d  by t h e  c a l c u l a t i o n s  of Mani [171,  t h u s  n o t e  
i n  p a r t i c u l a r  F i g u r e s  5 ,  6 ,  7 of t h a t  r e f e r e n c e .  N e v e r t h e l e s s ,  
t h e  i n f l u e n c e  of t h e  e x h a u s t  je t  r e f r a c t i o n  is w e l l  b r o u g h t  
o u t  by b o t h  t h e  da t a  and c a l c u l a t i o n s .  Indeed  a c c o u n t i n g  f o r  
t h e  d i f f u s i v e  smooth ing  o f  t h e  p a t t e r n ,  t h e  peak  d i r e c t i o n  
does seem t o  be approx ima ted .  On t h e  o t h e r  hand ,  t h e  
i n f l u e n c e  of t h e  hub is s e e n  t o  be n e g l i g i b l e .  

P lumblee  e t  a l .  [61 have a l s o  p r e s e n t e d  some measured  
r a d i a t i o n  impedances .  A sample compar i son  of these  cases 
c a l c u l a t e d  on  t h e  b a s i s  of o u r  t h e o r y  a re  p r e s e n t e d  i n  T a b l e  
I .  The a g r e e m e n t ,  even  i n  t h e  case of no f l o w  is somewhat 
l e s s  t h a n  s a t i s f a c t o r y .  T h i s  w e l l  i l l u s t r a t e s  t h e  i n f l u e n c e  
of t h e  t r u n c a t e d  hub i n  a l t e r i n g  p h a s e  r e l a t i o n s .  C a l c u l a t i o n s  
w i t h o u t  t h e  hub i n c l u d e d  show no bet ter  a g r e e m e n t .  What 
l i m i t e d  agreement  t h e r e  w a s  w i t h  no f l o w ,  b r e a k s  down i n  t h e  
p r e s e n c e  of f l o w .  Thus t h e  p h y s i c a l  f l o w  model a p p e a r s  t o  
g r e a t l y  exaggerate t h e  a c o u s t i c  mismatch be tween t h e  d u c t  and 
t h e  s u r r o u n d i n g ,  and t h e  e r r o r ,  as w i l l  be s e e n  p r e s e n t l y ,  
does n o t  who l ly  o r i g i n a t e  o f  t h e  Koiter  a p p r o x i m a t i o n .  

Before c o n s i d e r i n g  t h e  da ta  o f  Mechel e t  a l .  [ 7 ] ,  r e c a l l  
t h a t  t h e  u s e  of t h e  u n i f o r m  p l u g  f l o w  model r e s u l t e d  i n  t h e  
u s e  of  t h e  Miles [12 ]  - Ribner  [13] p a r t i c l e  d i s p l a c e m e n t  
match boundary  c o n d i t i o n .  I n  e s s e n c e ,  t h i s  boundary  c o n d i t i o n  
r e s u l t s  from t h e  a s sumpt ion  of a c l e a r l y  d e f i n e d  f l o w  i n t e r -  
f a c i a l  s t r e a m l i n e  w i t h  t h e  a c o u s t i c  mot ion  b e i n g  t r a n s m i t t e d  
fnmi  one reg ion  i n t o  anu ther by t h e  t r a n s v e r s e  p e r t u r b a t i o n  
of  t h a t  c l ea r ly  d e f i n e d  i n t e r f ac i a l  s t r e a m l i n e .  However, i n  
t h e  case of t h e  i l l - d e f i n e d ,  h i g h l y  t u r b u l e n t  f l o w  of t h e  j e t  
boundary ,  t h e  mean v e l o c i t y  changes  "almost" smoo th ly  across 
t h e  i n t e r f a c i a l  r e g i o n .  I n  t h i s  c a s e ,  n o t i n g  t h e  c a l c u l a t i o n s  
o f  Mani [ 1 7 ] ,  t h e r e  a p p e a r s  to  be l i t t l e  r e a s o n  t o  presume t h e  
p i c t u r e  based on t h e  Mi les -Ribner  a rgumen t .  I n t e r e s t  i n  t h i s  
q u e s t i o n  w a s  r e c e n t l y  r e v i v e d  by I n g a r d  and  S i n g h a l  [181 who 
p r e s e n t e d  i n t r i g u i n g  e x p e r i m e n t a l  e v i d e n c e  on t h e  c o u p l i n g  of 
a sound  s o u r c e  w i t h  a t u r b u l e n t  f l o w  d u c t .  T h e i r  e v i d e n c e ,  
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moreover  seemed t o  f a v o r  t h e  discarded n o t i o n  of c o n t i n u i t y  
of p a r t i c l e  v e l o c i t y  ra ther  t h a n  t h e  d i s p l a c e m e n t .  

I t  w a s  hoped f o r  t h a t  t h e  p r e s e n t  c a l c u l a t i o n s  be u s e f u l  
i n  t h i s  r e g a r d  c o n c e r n i n g  t h e  e x h a u s t  j e t .  The t h o u g h t  w a s  
t h a t  t h e  d u c t  r e f l e c t i o n  a m p l i t u d e  is a f u n c t i o n  of t h e  boundary  
c o n d i t i o n  u s e d .  Then a compar ison  of t h e  l o w  f r e q u e n c y  pre-  
d i c t i o n  u s i n g  t h e  t w o  boundary c o n d i t i o n s  when compared w i t h  
l o w  f r e q u e n c y  f l o w  d u c t  e x p e r i m e n t s  of a s imilar  n a t u r e  migh t  
s o r t  o u t  t h i s  t h o r n y  q u e s t i o n .  I n d e e d  t h e  d a t a  o f  Mechel e t  
a l .  [7] o f f e r  t h i s  o p p o r t u n i t y ,  and  it w a s  a s i m p l e  matter t o  
modi fy  o u r  t h e o r y  t o  i n c l u d e  a pa r t i c l e  v e l o c i t y  match a t  t h e  
j e t  i n t e r f a c e .  

Such a t e s t ,  a s  d i s c u s s e d  a b o v e ,  is  o f f e r e d  i n  F i g u r e  1 2 .  
Both t h e  boundary  c o n d i t i o n s  show a s i m i l a r  t r e n d  and  p r e d i c t  
r e f l e c t i o n  c o e f f i c i e n t s  h i g h e r  t h a n  t h e  u n i f o r m  f l o w  case. 
N e i t h e r  c a l c u l a t i o n s  r e p r o d u c e  t h e  peak i n  measu red  r e f l e c t i o n  
c o e f f i c i e n t s ,  but  both do r e p r o d u c e  t h e  r e f l e c t i o n  c o e f f i c i e n t s  
t o  w i t h i n  an  acceptable e r r o r .  However t h e  m a r g i n a l  v a r i a t i o n  
i n  t h e  c a l c u l a t i o n  d o e s  n o t  a l l o w  a c r i t i c a l  judgment  of t h e  
boundary  c o n d i t i o n .  A s  a c l o s i n g  remark f o r  t h i s  a s p e c t  o f  
t h e  d i s c u s s i o n ,  i t  s h o u l d  be n o t e d  t h a t  t h e  no f l o w  r e s u l t s  of 
Mechel e t  a l .  d i d  r e p r o d u c e  t h e  c a l c u l a t e d  r e s u l t s  t o  a h i g h  
d e g r e e  of a c c u r a c y .  

F i n a l l y ,  before p r o c e e d i n g  t o  t h e  d i s c u s s i o n  of  a symmet r i c  
modes, t h e  i n f l u e n c e  of t h e  Mach number and  f l o w  mismatch  are 
i l l u s t r a t e d  i n  F i g u r e  13. 

C o n s i d e r  now t h e  asymmetric modes. I n  l i g h t  of t h e  above  
d i s c u s s i o n ,  w e  s h a l l  c o n c e n t r a t e  on r e s u l t s  f o r  t h e  r a d i a t i o n  
p a t t e r n s .  I n  F i g u r e  14 ,  a compar ison  be tween o u r  t h e o r y  a n d  
t h e  e x p e r i m e n t a l  r e s u l t s  o f  t h e  p h a s e d  array model of P lumblee  
e t  a l .  [ 6 ]  is o f fe red .  A d i s c o n c e r t i n g  f e a t u r e  of these d a t a  
is t h e  non-ze ro  r a d i a t i o n  a m p l i t u d e  on  t h e  a x i s  e v e n  w i t h o u t  
f l o w .  T h i s  s u g g e s t s  s p u r i o u s  e f f e c t s  n o t  a c c o u n t e d  f o r  i n  t h e  
p h y s i c a l  model on which t h e  e x p e r i m e n t s  are based. S i m i l a r l y ,  
t h e  t h e o r e t i c a l l y  p r e d i c t e d  lobe i n  t h e  shadow zone  o f  t h e  j e t  
c a n n o t  be picked up o v e r  t h e  f l o w  n o i s e  o f  t h e  a c o u s t i c  p i c k u p  

A somewhat bet ter  agreement  is a p p a r e n t  f o r  t h e  c a l c u l a t e d  
( 4 ,  1) mode i n  F i g u r e  15. P l u m b l e e ' s  data h a v e  n o t  been  
p l o t t e d  on t h i s  f i g u r e  and r e f e r e n c e  must  be made t o  F i g u r e  20 
of t h a t  paper .  However t h e  r e f r a c t i v e  s h i f t i n g  of t h e  p a t t e r n  
and t h e  n a r r o w i n g  of t h e  dominant  lobe are b o t h  r e p r o d u c e d .  
F i g u r e  15 a l so  p r e s e n t s  t h e  e f f ec t  of a weak e x t e r n a l  f l o w  
w h i c h  may be i n t e r p r e t e d  a l s o  as a f l i g h t  e f f e c t .  The u l t i m a t e  
s i t u a t i o n  of t h e  f l i g h t  speed  m a t c h i n g  t h e  j e t  speed b e i n g  t h e  
u n i f o r m  f l o w  case. The e f f e c t  of t h e  weak e x t e r n a l  f l o w  is t o  
s h i f t  t h e  p a t t e r n  towards t h e  a x i s  and r e d u c e  t h e  shadow zone  
lobe.  

More dramatic example of t h e  j e t  Mach number e f fec t  is 
shown i n  F i g u r e  16. One sees here t h e  c o n f l i c t  be tween t h e  
a x i a l  c o n v e c t i o n  a t  h i g h  Mach numbers ,  beaming o r  t r a p p i n g  
t h e  dominant  component of t h e  r a d i a t i o n  i n  t h e  shadow zone  and 
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t h e  s h a r p  r e f r a c t i o n  towards t h e  s i d e l i n e .  The f l o w  enhanced  
f r e q u e n c y  E, a lso  i n c r e a s e s  t h e  number o f  n o d e s .  
f i g u r e  w i t h  t h e  p l a n e  wave c a l c u l a t i o n  i n  F i g u r e  2 of Mani [ 5 ] .  

Compare t h i s  

The p h y s i c a l  model w e  have c h o s e n  is  e x p e c t e d  t o  bet ter  
r e p r e s e n t  t h e  e x h a u s t  c o n d i t i o n s .  However,  t h e  e f f e c t  o f  f l o w  
i n h o m o g e n e i t i e s  h a s  been  t o  weaken t h e  c o r r e s p o n d e n c e .  On t h e  
o t h e r  hand  i n  t h e  i n l e t  mode, t h e  smoo the r  s i n k  f l o w  is n o t  
r e p r e s e n t e d  by o u r  model. Yet p a r a d o x i c a l l y ,  n o t e  t h e  com- 
p a r i s o n  o f  o u r  c a l c u l a t i o n s  w i t h  t h e  C r i g l e r  a n d  Copeland  [8] 
data .  I t  would a p p e a r  t h a t  t h e  53 - 62 r o t o r / I G V  i n t e r a c t i o n  
h a s  r e s u l t e d  i n  a dominant  ( 9 ,  2 )  mode. Compare t o o  t h e  
p h a s e d  a r r a y  data  o f  Pasko  [19] w i t h  o u r  c a l c u l a t i o n s  i n  
F i g u r e  18. I n  b o t h  t h e  c a s e s ,  w e  u s e d  a s m a l l  e x t e r n a l  f l o w  
t o  weaken t h e  d e g r e e  of t h e  f l o w  mismatch .  

I n  t h e  t u r b i n e  e x h a u s t  no ise  p rob lem,  t h e  dominant  f l o w  
mismatch  is t h e  t e m p e r a t u r e .  From s i m p l e  k i n e m a t i c  con- 
s i d e r a t i o n s ,  i t  i s  p o s s i b l e  t o  i l l u s t r a t e  t h e  i n f l u e n c e  o f  t h e  
h o t  j e t  is t o  s h a r p l y  beam t h e  sound  i n t o  t h e  s i d e l i n e .  Thus 
Cande l  [ 2 0 ]  h a s  shown t h a t  a p l a n e  wave i n c i d e n t  on  a f l o w /  
t e m p e r a t u r e  i n t e r f a c e  a t  a n  a n g l e  8 is s h a r p l y  r e f r a c t e d  t o  
an a n g l e  e 2  1 

( C  / C  )COS e l  
COS e = 2 1  

1 2 1 - M1 COS 0 

w i t h  Ma = 0.  Hence c o n s i d e r  t h e  r a d i a t i o n  p a t t e r n s  o f  F i g u r e s  
1 9 ,  20 .  F i g u r e  2 0  is  somewhat more m e a n i n g f u l  s i n c e  i t  cor- 
r e s p o n d s  t o  a p h y s i c a l  case of f i x e d  a x i a l  v e l o c i t y  and f r e -  
quency  of t h e  u p s t r e a m  sound  s o u r c e .  

I V .  CONCLUSIONS 

I n  t h i s  s t u d y  w e  have  o f f e r e d  a method of c a l c u l a t i o n  
f o r  s p i n n i n g  a c o u s t i c  d u c t  wave g u i d e  mode r a d i a t i n g  t h r o u g h  
a f l o w  misma tch .  The c o n v e c t e d  wave e q u a t i o n  w a s  s o l v e d  i n  
p a r t  e x a c t l y ,  p a r t l y  a c c o u n t i n g  f o r  t h e  asymmetry i n t r o d u c e d  
by t h e  f l o w  mismatch  i n t o  t h e  m a t h e m a t i c s  by t h e  Carrier-Koiter 
p r o c e d u r e .  An a t t e m p t  w a s  made t o  compare t h e  p r e d i c t i o n s  of 
t h e  c u r r e n t  t h e o r y  w i t h  rea l i s t ic  e x p e ' r i m e n t a l  models. I t  is  
c o n c l u d e d  t h a t  t h e  v a l u e  o f  t h e  c a l c u l a t i o n s  is p r i m a r i l y  i n  
e x p l a i n i n g  q u a l i t a t i v e  f e a t u r e s  of s p i n n i n g  mode r a d i a t i o n  
p a t t e r n s .  Real f l o w  f e a t u r e s  n o t  a c c o u n t e d  f o r  e s p e c i a l l y  
p r e c l u d e  t h e  r e p r o d u c t i o n  of p h a s e  i n f o r m a t i o n .  P a r a d o x i c a l l y  
t h e r e  appears t o  be a better q u a l i t a t i v e  agreemelit f o r  the 
i n l e t  mode f o r  which t h e  p h y s i c a l  model is n o t  r e a l l y  meant  
t h a n  t h e  e x h a u s t  mode which  w e  t r i e d  t o  a p p r o x i m a t e .  T h i s  
a p p e a r s  t o  be t h e  r e s u l t  o f  r e l a t i v e l y  c l e a n e r  i n f l o w  c o n d i -  
t i o n s .  An a t t e m p t  w a s  also made t o  t es t  t h e  i s s u e  of t h e  f low-  
a c o u s t i c  boundary  c o n d i t i o n ,  b u t  t h e  r e s u l t  w a s  n o t  d e c i s i v e .  
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Figure 1 Schematic of the model problem. 
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Figure 6 The radiation field. 
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Figure 11 Comparison of a hubless plane wave radiation pattern 
with data  of Plumblee [6]. 
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